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Effect of Magnetic Field on Nonlinear Interactions 
of Electromagnetic and Surface Waves in a 
Plasma Layer 
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Investigation is made for nonlinear interaction between incident radiation and 
a surface wave in a magnetized plasma layer, Both interacting waves are of P 
polarization. We get the generated currents and fields at combination frequencies 
analytically. Unlike the S-polarized interacting waves, the magnetic field affects 
the fundamental waves and leads to an amplification of generated waves when 
their frequencies approach the cyclotron frequency. 

1. INTRODUCTION 

The nbnlinear generation of waves at harmonics and combination 
frequencies has been the subject of many theoretical and experimental 
investigations (see Dolgopolov et al., 1976; Hussein, 1980; EI-Siragy et al., 
1981; Grozev et al., 1981). This subject of prime importance, especially in 
plasma diagnostic techniques and in studying the interaction of intensive 
electromagnetic waves with matter (laser-fusion reaction). 

Barakat et al (1975) studied wave generation at combination frequencies 
for the oblique incidence of P-polarized electromagnetic waves on a semi- 
bounded, isotropic plasma. The amplitudes and phases of the waves radiated 
in this case depend neither on the width of the transition layer nor on the 
plasma density distribution through the transition layer but only on the 
plasma density in the homogeneous region of  the medium. If  the two 
interacting waves are surface waves (Dolgopolov et al., 1976) the change 
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in amplitudes of the surface waves at the expense of  wave radiation at 
combination frequencies, under conditions where a weakly nonlinear 
approximation applies (Barakat et al., 1975) is much slower. 

It is of  interest to study the problem treated by Dolgopolov et al. (1976) 
and Barakat et al. (1975) in a new way. We assume that the P-surface wave 
with frequency to1 and P-incident radiation with frequency to2 propagate 
to meet the surface wave along the y axis. It is more reasonable to consider 
a plasma layer of width a in which the plasma density is an arbitrary 
differentiable function of x in the region 0 - x - <  a and is equal to zero 
elsewhere. Also, an external static magnetic field is applied to the plasma 
and directed along z axis, Ho = e~Ho. We shall neglect the thermal velocities, 
the positive ion current, and the pressure gradients. 

2. LINEAR A P P R O X I M A T I O N  

In the linear approximation, we have to solve the following set of 
equations: 

curl El,2 = i wl,2 H1,2 
c 

curl H~ 2 = - i  tOl,2 E12+4~J12  
C ' C ' 

JI,2 = -enoV1,2 (1) 

O V 1  2 e 1 

Ot" = - m ( E , , 2 + c  �9 VI a • 

where we denoted the surface wave by 1 and the incident radiation by 2. 
The electromagnetic fields of these waves have the form (see Stepanov, 1965) 

{E(r, t), H(r,  t)} = {El(X), Hl(x ) }e  i~k~r-'~ + {Ez(x) ,  H2(x)}e i~k2y-%0 + c.c. 
(2) 

where 

H~l,2)x = Ho,2)y = Eo,2)z = 0 

From these equations, we obtain the following expression for the electron 
current density components: 

i to~,2top E(1,2)  x _ _  E ( l , 2 )y  
J(1,2)x - 4-,'/7" 2 2 

O) 1,20.) c 601 ,2  

J(1,2)y - s r 2 2L--~L2 E(I"2)'~+E(la)y 3 (3) 
0.)1,  2 - -  tO c 

Jr = 0 
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where r 1/2 is the plasma Langmuir  f requency and w~= 
(-eHo/mc) is the e lec t ron-cyclo t ron  frequency�9 

For fundamenta l  waves, we can write the electric field componen ts  as 

N" l ( ko, Ho,~ + g2~ O H"z~ , 
E ~  = k~ g• g,~ -~--x / a =- (1,2)  

(4) 
N~ 1 I' g2~ ~x~) K~,c �9 k ~ - -  N~ 

with 

gl~ = 1 2 2, g ~ 2 -  g .~  - (5) o,~-~,~ o,~(o,~- o,~)' ~,~ 

For  the magnet ic  field componen t  o f  the fundamenta l  P-polar ized 
surface and incident waves, we can easily get the fol lowing differential 
equation:  

where 

gl~  a (  1 OH~z] 2 
o-; 

2 O g2~ 2 g-Dee 2 

and for surface wave x 2 < 0, while for incident radiat ion 2 • 2 > 0 .  

The solutions o f  (6) are as follows: (i) for surface wave (wl, k0 :  

�9 x O l X  H1z =Hole , (x <-- 0) '  Hl~ = Hole '~o/ ~ (x >- a) 

H,z= Hol { l + f f  g-, dx' If' ~ dx"} + Holxo, l f  g• dx', 

(O<-x<--a) 
Uo~ is the decay  coefficient in vacuum, x2~ = 092/c 2 -  k 2. 

(ii) For  incident radiat ion (w2, k2): 

Hz= = Ho2(ei~~ _ re-i"o2 ~) at x <- 0 

H2z = H,~2e i'~ at x -  > a 

H:z=Ho2[(1-r)[1-fo g• g L dx"]+ixo2(1 +r) 

| 2 ~ pt 2 
x ~ d x ' -  ~• dx' Jo ~ ax ~• dx" 

(6) 

(7) 

(8) 

a t0_<x<_a  
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where r is the reflection coefficient of  the plasma layer, given by 

( 2 / ~ 3 _ 2 )  d x  - -  X 2 2  r d x  

2i~o~+~ ~ d x +  (~/~l~)& 
(9) 

3. G E N E R A T I O N  W I T H  FREQUENCIES  

Let us now look for the generated waves at combination frequencies 
due to the nonlinear interaction of both P-polarized incident radiation with 
surface waves. 

The terms nlV, (V.  V)V and V •  are quadratic with respect to the 
physical variables; therefore they are the nonlinear terms we take into 
account now. 

In the next approximat ion of the perturbation theory, the velocity 
components  of  generated waves with combination frequencies to '=  co 1 + to2 
are 

where 

Vtx = (6o t2 - -  o)2)-'(ia,'a~ - ~ c a b )  

v __ /2 2 --1 - p Vy - (~o - o~c) ( - a ,  cAa + ~o~ Ab) 

V'~=0 

(lO) 

A~ = - - - - E ' - - -  T-" m mc ,~,~=1,2 m(w,~ - to 2) ~ E,~x - iE,~y Ho~ 

e ,  e 2 E m ( w 2  w2) iE,~x toc 
A b  =-- - -  m Ey mc c~lf l=l ,2  

(11) 

and it is clear that V'z is independent on the field components  of  the 
fundamental  waves; therefore we assume that the z component  of  the 
electric field of  generated waves is to be zero. 

From the conservation law of density; the perturbed electron density 

takes the form 

nc,  ~ 

(12) 
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The components of the current density of the generated waves can be 
obtained in the form 

) toe (iw'E'-to~E'y + I "  
J"  - 4~r (w,--'5 2_ to2) . -,, 

2 (13) 
to--~- (ito'E~ + tocE'~) + " S ~ -  4~(to,2_ to~) Sy 

where the nonlinear additions J~ and Jy are given by 

top  e ~2 to a t c 
J~-4~r(to,2_to2) ~ 2 2 L to~ E~x+ ~o + E~y Ht3z ~,~, ( t o ~ -  to~) 

F, -5"- 4'rr \ no/ ,~.t3 tot3(to,~-to~) ~E.x+-s163 E,~y) div noVt3 
a~r 

rt toP e toot 
J ,  - 4,~(to,~---_ to~) ~ ( to ]  - ~ )  

a# /3  

X [(w~-c to ' )E=x- i toc (2+  t O - I x  to~/E~y]Hr 

+ - -  3~ T-  E~,y--~-s E,~x) div noV. 
4~rkno /  ~,~ tot3(w~-to 2) 

a r  

From Maxwell's equations (13) we derive the following expressions 
for the generated electric wave components and the equation of the magnetic 
field of the P-polarized wave at combination frequencies: 

g '  ' i 4 ' . , ,+  2OHz+4~  ,,+ r ,, c (kH~ -g;, J~ --~7, Jy~ E t x = - | t o t g ~  ~x gl OX C C gl ] 
(14) 

. . . . .  

E Y = - - I t o t ~  ~ ~1 Hz'F OX ''[- C "~1 Jttx'{- JY 

O( 1, OH'~ 
~'~ o--; ~ -~-x /+~'~H: = R'(x) (15 )  

where 

2 2 
to ,2  _ 2, ~ 2  ~ toctoP 

to,(to,2 to~), ~ ' - - -  to~ - g,~ 

t2 

X g l - k  - k g •  . . . .  , k' = kl+k2 
,2 ~ , ,2 , , O g; 

c 2 ox g, g2' 
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R ' ( x )  -- 4 ~  g,j_ r J,, ] 47ri . 2 

c [curl-~J -z c g~_ dw 

F r o m  (14) and  (15), the genera ted waves  are o f  P polar iza t ion,  and  it 
can be ei ther  surface  waves  or  radia t ion oscillates in both  direct ions f rom 
the p l a s m a  layer. This will depend  on the sign o f  u a ;  i.e., if  

'~_~ 0 ~; 
i t t 

k '2< g z - - k g _ L o x  ' ' 
C~l C~ • 

we have  e lec t romagnet ic  radia t ion;  if  

k '2>tO'2 , , , 0 g~ 
7 ~ -  k ~ ox < ~'~ 

we have  surface  wave. 
Let us consider  the case o f  e lec t romagnet ic  radia t ion;  therefore  in 

v a c u u m  regions [tOp = 0, g~ = g~_ = 1, g'2=o and hence R ' ( x )  = 0]. The  sol- 
ut ions of  (5) are 

H'~ = H~ e -~;~ for  x --< 0 

H ' z - H ~ -  ' e ~*;(~-~) for  x ~ a 
(16) 

where  x~ 2-= ( to ' 2 / c2 ) -  k '2 and H~, H "  are the ampo i tudes  of  the genera ted  
waves  in vacuum.  

From Ginzburg  (1960), we shall use the me thod  of  successive approx i -  
ma t ion  to obta in  the solut ion  o f  (15) in the p l a s m a  layer  ( 0 - < x -  < a).  Let  
us set H '  = H'z(~ H ' z~  . . . ,  and  consider  the charac te r i s t ic  lengths o f  
the waves  unde r  invest igat ion are larg e c o m p a r e d  to the width o f  the p l a sma  
layer, i.e., Ix'al<< 1. There fore  we get 

H "  = Hro 1 - ~ ~ dx'  Jo g--Tf~ dx" 

[Io Io Io  Io ] _ �9 , , , dx,t ~xoHo g ~ d x ' -  g~ dx '  - -  g'~ dx"  

+ g', dx '  dx" 
Oo g_~ 

(17) 

F rom the condi t ions  of  cont inui ty of  the funct ions  H "  and  OH'z/Ox at 
points  x = 0 and  x = a, we find the ampl i tudes  of  the genera ted  waves  at 
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combination frequencies as 

yoO  , , g---~ dx - ixr~ ao g'~ dx --g; dx' 

H ~ '  f ~  f a x,2 (18) 
2ix~+n~2Jo g~ dx + I -~t dx 

Jo ~ 

( ; o ) ; ; f o  H "  =- 1 - in'o g'~ dx H'o+ g'~ dx ( R ' g ~ )  dx' (19) 

4. DISCUSSIONS AND CONCLUSIONS 

To get a clearer picture and the physical meaning of the results, 
a 

it is necessary to evaluate the integrals So (R ' /g~)  dx and 
a t So g• dx So (R ' /g~)  dx'. These are in fact too long and complicated and 

depend on the density profile, which in our case is assumed to be arbitrary. 
For low-density plasma (cop << w:), the reflection coefficient r can be 

neglected compared to unity. Besides, the quantities g~, g~_, gl, and g l  
become close to unity. In this case, the generated amplitudes are approxi- 
mately the same and radiated from the plasma layer in both directions, and 
they are given by 

It is clear that the amplitude of the generated waves in rarefied plasma is 
generally proportional to the plasma density in the layer considered, also 
on the ratio (K2/K1). 

For normal incidence of radiation, K2 = 0 and it is clear from (20) that 
K ' =  K1 and the amplitudes are reduced. 

Unlike the previous work mentioned in the Introduction, we find that 
an applied external magnetic field may lead to a sharp increase in the 
generated amplitudes [equations (18), (19)], especially near resonance, i.e., 
at 0 ) 1 " t - ( O 2 ~  O)c, 0 ) l ~ ( O c ~  ( . O 2 ~  (.O c. 

In case of isotropic plasma ~oc = 0, and if we consider a semibounded 
plasma instead of a layer (i.e., if the plasma density is constant in the region 
x -> a), one can easily obtain expressions for H~ and H"  which agree with 
relations (15) of Dolgopolov et al. (1976). 
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